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DYNAMICS OF A VISCOUS LIQUID WETTING A SOLID VIA
VAN DER WAALS FORCES"

O. V. Voinov UDC 532.5:541.183

Transient flows of thin films wetting a solid surface via van der Waals forces are examined. Boundary conditions are
formulated on the moving wetting line and on the boundary with a very thick film which give a closed description of the
dynamics of ultrathin films spreading from drops. Approximate time-dependent solutions of the boundary problem are obtained
for short times. A strong limitation is found on the quasi-stationary theory of precursor films spreading from drops, and the
importance of considering the inherent transience of the flow is demonstrated. A transient "truncation” of the quasi-stationary
precursor film was established which gradually absorbs the whole film. A region was found where the boundary condition can
be applied on the boundary with a very thick film (a "piston"). The condition on the moving wetting line is suitable for any
transient problems if the liquid wets the surface well enough. It is shown possible to use a boundary layer considering capillary
forces on the wetting line for the transient equation of an ultrathin film.

Asymptotic time-dependent solutions were found for the nonlinear boundary problem. Solutions were found for the
movement of the wetting line in the case of a fixed piston and a semi-infinite film, and their similarities were established. Self-
similar solutions were found for plane and axially symmetric pistons, and the limiting spreading was found at large distances.
Non-self-similar spreading was solved for slow piston movement. An asymptotic formula was found that describes axially
symmetric spreading of drops. The effect of the unusually slow approach to the limiting dependencies was obtained. The
boundary problem was solved considering the delayed van der Waals interaction, which substantially changes the form of the
time-dependent equation. The most general point is that the asymptotic velocity of the wetting line is v« = const/+/t in all the
solutions, which gives them a universal meaning.

§ 1. TRANSIENT MODEL OF AN ULTRATHIN VISCOUS
LIQUID FILM WETTING A SOLID

1.1. Formulating Dynamic Problems of Thin Wetting Filins. Transient flows of a thin viscous liquid film over a
flat solid surface can be described in the wetting-theory approximation with a constant pressure p over the film cross section.
If the film thickness h(x,t) is small enough, where x is the two-dimensional radius vector on the solid surface and t is time,
pressure contributions can come from the van der Waals long-range molecular forces

P=p,— AR+ A/(6nl’), A= A, - A,
as well as the capillary pressure (the Laplacian component of p). Here py is the pressure above the free surface of the film;
o is the surface tension coefficient; and A;; and A,, are the Hamaker constants, which characterize the interaction of unit

volumes of liquid (subscript 1) and the solid (subscript 2) (see [1] and [2], for example). For the case of wetting films, A < 0
(hereafter we set A = —A'). The dependence of p on h can go as h—* instead of h—3 if the interaction is significantly retarded.
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We require that the scale L over which the film thickness changes be much larger than the scale [ over which the
capillary forces act, and that the contribution of the van der Waals forces have the same order of magnitude:

L>» 1= h(2o/A)Y (1.1

Then the movement of the film is described by the equation

% 4 div(av) = 0, v = ——2—=Vh
a V) = = -
5 T div( ) ) st (1.2)
where u is the dynamic viscosity and v is the liquid velocity, or
A o Alnk, % = A’ /6
ar AL = # (1.3)

Boundary problems for Eq. (1.3) are of interest in connection with the spreading of drops and films over a solid
surface. There are quasi-stationary film flow models [3-5], and a problem for (1.3) with rapid transients was studied on an
infinite line [6] without specifying boundary conditions. The formulation of boundary problems requires primarily the condition
on the wetting line X = X.(t, ¢), which divides the dry and wet part of the solid surface (¢ is a parameter, and the subscript
* indicates values on the wetting line). We assume that the film thickness is some small constant h. on the wetting line. Because
there are no mass sources or sinks on the wetting line, its velocity coincides with the average liquid velocity v. Then conditions
on the wetting line are written as follows:

ax,
h(X.,t) = h,, —d—l— = V(X,,1). (1.4)

Obviously, h. must exceed several molecular dimensions, so that the continuous-medium approach makes sense. If h.
is large enough, the first condition (1.4) can lead to a "truncation” of the stationary film flow [5] obtained from the stationary
equations by considering capillary pressure. We note that if the macroscopic (equilibrium) film thickness has a minimum, then
the boundary condition (1.4) for Eq. (1.3) can be obtained analytically (see section 1.5).

For stationary film flow, when the film profile h(x) translates with a constant velocity, its shape does not depend on
the conditions (1.4). However, the main problems of interest are those in which the shape of the film is closely related to
conditions on the wetting line (1.4). This requires examining highly transient problems.

1.2. Formulating Problems of Films Spreading from Drops. A thin film which moves via van der Waals forces can
border with a very thick film. Such films are called primary films [7] or precursor films {5], or even more simply p-films. A
p-film can transform into a much thicker film, which, under the influence of capillary forces, forms a dynamic contact angle
with the solid surface {4, 5].

In order to evaluate the sharp transition from a p-film to a thicker film, we must know the singularities of the p-film
thickness on its boundary. In the one-dimensional case

R o, x = x0). @1

We note that the stationary solution [3, 4] of the form h(x — vt) also has a singular point. A quasi-stationary
description of the dominant term as X —> X, can be written on the basis of the simple solution h ~ (x — xg) 1. This yields a
continuity condition on the liquid velocity at the point X = x,:

» oh  dx,

=S CaAL T T XX,

B ax - dt o 2.2)

This condition allows the singularity in the moving point xy(t) to be represented as a particular piston pushing on the
edge of the p-film. '

The initial conditions at t = 0 can be most simply specified by assuming that there is no p-film at t = 0 and that the
film forms at t > 0. Then we must specify the wetting line at t = O which coincides with the piston:

Xy > Xy > 0. (2.3)
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In spreading-drop problems, we are interested in the power-law dependence of the piston coordinates as a function of
time:

X, = at’. (2.9)

Here the transformation
h=Fkh,x=xX,t=1tT, X = d'(h,/»)",
2 " (2.5)
T=a""h,/=)"n=1/(1 - 2)
reduces Eq. (1.3) and the boundary conditions to

H=a=h, =1, 2.6)

when the transient boundary problem for (1.3) contains a single parameter ¢. Obviously the case (2.6) is general without
restrictions; therefore we will omit the primes on h, x, and t for brevity.

The inner region x < X, is described using the asymptotic model (uv/g - 0) of a spherical segment and the formula
for the slope angle of a free boundary [4, 8]:

a = [(uo/o)n(h/h )]
If the drop spreads axisymmetrically (see Fig. 1), the dynamic angle oy ~ t=3/10 [8]; therefore ¢ = 1/10 in (2.4). In
the plane case, ¢ = 1/7.
In (2.4), a is approximately constant, and can be written as [8]
a = R(o/Rucy), ¢ = cln(h, /A ), 2.7
where R is the radius of a sphere (or circle) with an equivalent volume V (or area S); ¢; = 0.0125 in the plane case, and

¢y = 0.006 in the axisymmetric case; ¢y = const if hy/h,,,. >> 1; hy is the same order as the thickness in the center of the
central segment of the sphere (circle); and hy,,, is the maximum thickness (to an order of magnitude) of the p-film in the

transition region to the thick film [4]:
G \/7
h = ( 3#0) = 2.8)

From (2.7) the time and length scales in (2.6) have the form

Q)" 3q)”
T=%{,, x=r[E),
T %
\ 2.9)
R A
Q= ‘2, 2=—-——,n= ! 2
A 2no - 2¢

The dimensionless maximum thickness (2.8) in the case of a drop is

B e = 2TA/ RYQ D, (2.10)
Because h,,, increases with increasing t it is possible to fulfill (2.2) in some range of the parameters. This requires,
in particular, that the right side of (2.10) be large compared to unity.
Thus, we must solve the transient boundary problem (1.3), (1.4), (2.1)-(2.6) on the movable segment (X, X) with an
unknown boundary x«.
We note that the Lagrange coordinate method in Stefan’s problem [9, 10] can be useful in investigating this problem.
We now examine the properties of the solutions based on the movement of the p-film and illustrate the limits of its
applicability.
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1.3. Dynamics of the P-Film near the Piston. At small distances from the singular point xy, it is convenient to seek
the solution of (1.3) in a moving system bound to the piston:

oh on & -
— -y, == = Inh, x = x = x,(D).
at % ax E)xz ’ 0()

By neglecting dh/at, we have a stationary profile [3, 4] as the first approximation

hoy = 1/0%, 0, = x,. G.1)

The length of the p-film in the quasi-stationary approximation is determined by the equation h = 1:
xo=1/0, =17/ (3.2)

To the accuracy of its components, this formula corresponds to the stationary theory [5].
The condition that term dhgy/dt be small in the time-dependent equation defines region of applicability of the quasi-
stationary solution (3.1)

x < o/ |doy/dt],

which is true in a small region near the piston.
For the function x; = t¢, the resultant limitation is

x <« ex,/(1 =€), 3.3)

which is very restrictive for a spreading drop, because ¢<< 1. Along with (3.1), the inequality (3.3) is equivalent to the
condition

hg > kg, hy = 7077, (3.9

where hy is the characteristic scale of the film thickness where the flow becomes non-stationary in the system bound to x,.
In order to refine the quasi-stationary theory, we examine small deformations of the p-film (3.1) in the plane case.
Obviously, this is valid for sufficiently small times t due to the conditions (3.3) or (3.4) for using the quasi-stationary approach.
Condition (1.4) on the velocity of the wetting line is fulfilled approximately, because the velocity of the point X.
differs from vy = x by

Xoo— X, = (1 =€) /e. (3.5)

according to (3.2).
As long as the condition (3.3) for the quasi-stationary approach is valid, the right side of (3.5) is small. Then we can
seek the difference between the film profile from the stationary one (3.1)

h = h(O)(l + hl + ...), (36)
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by assuming that the unknown correction h; is small. Then (1.3) gives an equation for h;:

e D, .o a*h, , Lom dnkg,
at 0 a; 0)' "1 6;2

X, ax 3.7
where m = 1 or 0 in the plane or axisymmetric case, respectively. From the limiting condition on the velocity of the wetting
line (1.4) and with a consideration of (3.5) and (3.6), it follows that

&h h 1 —¢
-1 ! = — X=X, (3.8)

ax Xeg = Xy €X,

From the second condition (1.4) for the correction x, to the coordinate of the wetting line x«y, we obtain approximately

that
ah(o)
X = X, = X A(x,) + pyt e 0
and after we substitute (3.1) we obtain
x = (xo-o - xo)hl(xto)‘ 3.9

As a result, it is sufficient to determine h, in order to find the correction x; to the length of the film. The solution to
Eq. (3.7) has the form

1 — me z

; £
% Zln 30 = P X, =1t (3.10)

h =CE +
By determining C in (3.10) from (3.8), we obtain

B =£(__+ (1 +-';—')e +(1 - me)lngE‘- ,

G.11)
8. = (X.o - xo)/xo'

For ¢ << 1, the formula for the second-order approximation of h, is almost the same in both the plane (m = 1) and
axisymmetric (m = 0) cases. However, if £ is finite, the contribution of m in (3.11) is noticeable. In order that the perturbation
h(y not grow as t - 0, we must require & < 1/2, which limits the relative length x of the film as t — 0. This refines the
condition (2.3).

According to (3.11), hy« grows proportional to the relative length of the film £ «. Here moderate values of | hj |
~ g are attained even before the inequality (3.3) becomes an equality. Of course, the theory is not suitable for these values
of h;. The boundary between the applicability of the quasi-stationary theory and of the secondary approximation (the corrections
h; and h,) is determined by starting at a condition where the length X« — X of the film differs greatly from the second
approximation, for example by 30%. The corresponding length of the film for ¢ = 0.1 is determined from (3.9) and (3.11).
The result is a very stringent condition on the applicability of the quasi-stationary theory for the p-film:

X, — x4 < 0.03x, (3.12)

where x» — X is the length of the p-film and xg is the radius of the base of the drop.

The stringent limitation (3.12) on the quasi-stationary theory makes it urgent to investigate an essentially transient
theory for p-film dynamics.

1.4. Estimates of the Applicable Region for the Piston Model of Drop Spreading. If a movable-singularity model
is suitable, then according to (3.1) there exists a quasi-stationary section of film, bounded by (3.3) or (3.4), as x - Xy. The
characteristic scale for the transient, hy (3.4) covers ever larger thicknesses with increasing time. The maximum thickness
hax (2.8) of the stationary part of the film also grows. The fate of the stationary part of the film is determined by the ratio

ho /b~y = %(1 - %) @.1)
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For a spreading circular drop, ¢ = 0.1 and ¥ = 1/2; i.e. the ratio (4.1) dies off as =12, Consequently, the stationary
part of the film (in the moving-piston system) ceases to exist at large enough times characterized by a critical time scale t,
when h,,, ~ hy. According to (2.10) and (3.4), the dimensionless critical time t. depends on the equivalent drop radius R.
Considering that values t ~ 1 are characteristic in the piston problem and that they "correspond” to a very long p-film, on the

order of the radius x, of the drop base, it is interesting to specify the corresponding equivalent drop dimension Ry from (2.10)
and (3.4) for ¢ = 0.1;

t =1,R =15 10%(h,/4)*". 4.2)

Here R, gives a boundary, where t, > 1 for R > Rjand t; < 1for R < R,.

The critical time scale t, is very important for determining the correctness of models for: 1) the dynamic contact angle
oy of the drop, and; 2) the spherical segment with the angle oy, which approximates the inner region of the drop [8]. Actually,
for t ~ t,, the corresponding scales ! and &xy (along the x coordinate) also coincide because hy,, ~ hy. The scale !
corresponds to the formation region of the dynamic contact angle (to an order of magnitude) or to the transition region from
the p-film to the region affected by capillary forces. It is easy to estimate, because the ratio of hy,,, to the film thickness h,
in the center has an order of magnitude of hy,,/hy ~ 2¢ = 0.2. This denotes the end of the applicability of the spherical-
segment model, because the dynamic contact angle with the p-film only makes sense in the limit as hy,/hg = 0, as is clear
from [4] and [8].

Thus, as the drop spreads, the quasi-stationary part of the p-film vanishes at almost the same time as the quasi-
stationary picture of the inner region becomes inapplicable, and the model of a piston (moving singularity), which "pushes”
the p-film, ceases to make sense. The condition for the applicability of all three models as asymptotic solutions is the same:
t << t,. "

1.5. Boundary Condition for the Time-Dependent Equation and the Boundary Layer at the Wetting Line. For
the transient equation of motion

h a2 (K 4 an A

T“&[yg;(-w-m]’ e

the condition on the wetting line (h = 0) can be formulated from the asymptote of the equilibrium equation for the analogous
case of stationary film flow [5] as h - O:

2
ah A

h-0, (—;} ~ e al+ .. (5.2)
Here «, is a constant, equal to the value of the equilibrium contact angle if the surface is not wetted. If the surface is wetted,
o, is purely imaginary, ey = i-a«. For A’ = const, we must require that a* - 0 in order for the singularity in dh/dx from
(5.2) to occur at values of h much larger than the dimensions of the liquid molecules. If we do not require the second term
o2 of the asymptote for 3h/dx in (5.2) to be degenerate, then the singularity in ah/ax does not occur for real values of h, which
are limited from below by the molecular scale.

We now write an asymptotic expansion of h which is equivalent to (5.2):

If we substitute this expansion into (5.1), we see that 3h/dt is of order || =1/ as X > 0, while the second term in the
expansion on the right side of (5.1) is proportional to |X| ~1, Consequently the left side of (5.1) is negligibly small as [X] - 0
and this expansion can indeed become a boundary condition for (5.1). Another reason is that (5.2) is an integral of the
equilibrium equation — a particular case of (5.1).

If the h~2 singularity is removed from (5.2) by setting A’ = 0, then the solution to Eq. (5.1) with a moving wetting
line does not exist.
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If the coefficient ¢ in (5.1) is assumed negligibly small [condition (1.1)] far from the wetting line h = 0, then the
"reduced"” equation (1.3) with ¢ = 0 is valid. Then (5.1) reduces to the equilibrium equation
th A

o — + — = const,
PYERPIPE (5.3)

in the boundary layer at the wetting line, and the compatibility condition with the solution of (1.3) outside the boundary layer
is written as

h = h,, |x—xtlrl-'°°' 5.4
The thickness [ of the boundary layer is found from the linearized problem for (5.3)
l=H/r=1, (5.5

The solution of the boundary-layer problem (5.2) and (5.3) has the form h{x — x.(t)} for which the liquid velocity
is constant v(x,t) = X due to the continuity equation inside the boundary layer.

This allows the velocity of the wetting line to be calculated in terms of the velocity v outside the boundary layer; i.e.
from the solution of the "reduced” equation (1.3).

The parameter h« is the minimum equilibrium film thickness [5]. In general, the shape of h(x) cannot be expressed in
terms of elementary functions from (5.3). However, the form of a semi-infinite film of minimum thickness is elementary:

: 1 V3 + V1 + 27 _
X =lIn——+2n Ny + Y3(1 = VT + 27),

X=(x,—x)/0L,,Y=h/h,.

From this it is easy to estimate the scale of localizations in the solution. For X = 1, we have Y = 0.8106. That is the value
of I« is in good agreement with the boundary layer thickness, because Y = 1 for X = oo.

There is always_a boundary layer on the wetting line if the reduced Eq. (1.3) is valid. The reason is that if the
inequality (1.1) is fulfilled far from the wetting line, it is all the more true near the wetting line, because h. = min{h} in (5.5).

§ 2. ASYMPTOTIC BEHAVIOR OF FILMS SPREADING OVER
A SOLID VIA VAN DER WAALS FORCES

2.1. Exact Solutions of the Transient P-Film Problem. For the one-dimensional boundary problem we write (1.3),
(1.4), (2.1) and (2.2) from § 1 in the dimensionless notation of (2.5) in § 1, but we introduce more general length and time
scales, X and T, one of which may be taken to be arbitrary:

ah )
Pl Alnh, v = o a.n
h=1l,0= X,when X = X,; (1.2)
h=> o ¢~ X, when x > Xg
X/VT = vVu/h,, = A'/bau. (1.3)
For solutions of the type
h=y&),§=x/vl (1.4)
in the plane case, Eq. (1.1) gives an equation and conditions
=&y = (ny)", & < & (1.5)
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y=1y=-§,E=¢,. (1.6)

The fixed singular point x5 = 0 corresponds to &5 = 0. In this case, the asymptotic solution to (1.5) for £ -0
corresponds overall to the exact sotution

1

y = 7 +..,&-0. (1.7)
Equation (1.5) has the integral
Ey'/y + 2nly /Y| + £y = C, £y = const = 1, (1.8)
which on the asymptote (1.7) is equal to
C = 2In2 - 1. (1.9)
Substituting (1.6) and (1.9) into (1.8) gives
£, = Ve,

from which we obtain an equation of motion of the wetting line

dx,
Vit o \/’? (1.10)
at e
when we consider (1.4).

In dimensional notation (1.10) includes a multiplier (1.3). It is interesting to see how close we can come to the case
Xg = 0 and still realize (1.10), especially when there are no singularities in the solution to (1.5) and (1.6).
2.2. Spreading of a Semi-Infinite Film. Let the film have a constant thickness at time t = O:

h=h,x<0, @.1)

and let this thickness be large (hy >>1). Because 1/h; is small, the solution can be found by splicing the asymptotes. We
examine an auxiliary problem for (1.5) with the condition (2.1) and

y=1/8+ .,¢> 2.2)
By using an invariant transformation, we easily find the dependence of the solution on hy:
y = hY(EVh), 2.3)

where Y is the solution to the problem for hy = 1. In order to complete the information on Y in (2.3), it is sufficient to show
that asymptote of its derivative as & = o, which follows from (1.5), (1.8), and (2.2):

Y'(z) = —(2/Ve)exp(—2*/2).

The solution (2.3) is extended to the other asymptote (2.2) for small § ~ hy1/2. Therefore it is valid to splice this
asymptote with the solution to the problem (1.5)-(1.7), for which the asymptote for £ = 0 corresponds to (2.2) for small £.

Thus, the shape of the p-film, which is spreading from a "thick" film of thickness hy >>1 in the region E-h&’z >>1,
differs little from the case of a fixed piston (1.5)-(1.7). That is, the spreading law (1.10) is valid. It is interesting to estimate
the order of magnitude of the difference of the spreading behavior from (1.10) caused by a finite hy. To do this we use the
general form of the solution to Eq. (1.5) close to £72:
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Y=+ 6T+ b 4 L),

The order of magnitude of the constants by and b, in terms of the parameter h, is known from the composite solution
of the first approximation

b~ —(1/h)" b, ~ L.

With this in mind, we now estimate the perturbation of the boundary condition for £ = £. as a result of the first
approximation as a quantity of order b;. The discrepancy in the boundary condition is removed in the second approximation,
which gives a correction on the order of b, from which, along with (1.6), we find the order of magnitude of the difference
between the wetting velocity and Eq. (1.10):

Vidx,/dt = VI7¢ + O(h;"*?).

In addition we note that the problem of a semi-infinite film for x > 0 is equivalent to the problem with a boundary
condition at x = 0 and h = const. Therefore it is interesting to examine a more general condition h(0,t) ~ t" for which the
solution near x = 0 can be sought in the form

h=t"yy), x = x"2 @2.4)

It is easy to see that due to the universal asymptote 2t/x2, which is possible in (2.4) for any n, the method of splicing
the asymptotes is as valid for n >0 as for n = 0; and again the spreading formula (1.10) is valid as t = oo.

The situation is different for n < 0. The approximate solution, which does not break down the forward structure of
the flow near the wetting line x. ~ +/t, can be constructed only for restricted times, because the scale of the inner solution
~tl = 172 grows much faster than /.

2.3. Film Spreading if the Piston Moves as x ~ /f. Let the singularity move as

X, = Eo\/Tt, £, > 0;

3.1
y—> oo, £ Eo_ G.1)

Then in a small region around the point £, the solution (1.5) is represented in the form
y= 1/50(5 - Eo) + (1/263)1“(5 - Eo) + CO + ... (3.2)

where C, is a constant. Overall, (3.2) coincides with the quasi-stationary solution.

As £y — oo (the piston moves with a high velocity), it is sufficient to consider the first term of (3.2) and to obtain
£« — &y = 1/ky <<1; i.e. the wetting line approaches the piston.

In the limit £, <<1, we now examine separate solutions with scales £ ~ £5and £ ~ 1 (the outer region). For
§/¢y = oo in the inner solution and £ -> 0 in the outer solution, the common limit y is the exact solution 1/£2. We find the
constant C in (3.2) by using (1.8) and the invariant transformation of Eq. (1.5):

EiCo = —(1/2)Ink; + In2 — 5/4,E, > 0.

The outer solution (§ >> &) coincides with the solution of the problem (1.5)-(1.7), which is valid for £, = 0. That
is, Eq. (1.10) is satisfied.

Thus, the limiting equation of motion (1.10) of the wetting line, which is infinitely far away from the piston
(§+/Eg — o) is fulfilled in the limit as £ — 0, when the velocity of the piston (3.1) drops off.

2.4. P-Film Dynamics for a Slow-Moving Piston (x, = t%, ¢ <<1). The parameter ¢= 0.1 is rather small for
spreading circular drops (¢ = 1/7 for the plane case) [8]. The piston problem for ¢ << 1 and for timest >> t, = ¢2/(1 — 2¢)
allows the use of the method of splicing asymptotes. In a sufficiently small neighborhood of the piston, we seek a solution in
the form
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h=1{%yx/t),E=x/t' 21,
Y1 = 2) —eyt =(lny)';y> », £ 1; 4.1
ygz > 1,8 > .

The problem is simplified in the region § — 1 >> &, where to an accuracy of order £ the solution to (4.1} is close
to

= 132 = _ 2
y=2/¢ - 1%h=2/(x- x), (4.2)

where x; = const, because t¢ varies only slightly as ¢ = 0. If x, is approximated as a constant, the solution (4.2) can be
continued to large values of x — xg as a function of (x — Xq)/+/2t in accordance with the problem of the fixed piston in Section
1. As a result, the spreading law (1.10) is fulfilled for t >> t, << 1, which is possible if the length of the p-film is smalt
(x« — Xy << Xg). That t; << 1 is convenient because of the limitation of the piston model (1.1) and (1.2) to times t < t,
(Section 1.4).

2.5. P-Film Spreading in the Lagrange Description. By using the Lagrange approach to the Stefan problem [9, 10],
we transform the relationship in (1.1) to the Lagrange variable { in the form

-
&
"

|

!
Q

I

!
>
&

from which it follows that

3y @ 1
;:—ac—;ln)’, Y=;. 3.1

The boundary conditions (1.1) and (1.2) transform to

Y=1,¢=0; (5.2)
_ 8y i{e et
i 2 A (5.3)

The specification of the condition (5.3) at —oo is related to the existence of the quasi-stationary solution
h ~ (x — xg)~! as x -» xg, for which | h-dx converges.
As t = oo, we keep in mind that the scale {; in (5.3) differs greatly from the scale {; in (5.1) and (5.2):

g, ~ 17 /e, 6, ~ Vi

Obviously §; << {jfort >> ty = g2l(1 — 28)
The solution in the region of large {;

Y = 1*'(n), n = & (5.4)

is found from the boundary problem
(26 = D® + 5(c — 1)@’ = (Ind)"', 7 < 0;

7P =2+ .,7->0; (In®) »¢, 7> -, (5-3)

As an example, we write the solution of (5.5) as ¢ = 0:
n
1/® = e""fqe"’dq.
0

In the region of small {, the problem is also self-similar:
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Y=y, =(/V2
~&y =(ny)", E<Oy=1,£=0;
y=1/8+ . E> —=.
The last condition allows the splicing of the solutions (5.5) and (5.6). By using the integral of (1.8), we find from (5.6)

(5.6)

that
Y(0) = Vi /e,

from which (1.10) is obtained. The agreement is not a coincidence, because (5.6) corresponds to the Lagrangian formulation
of the problem of a drop spreading from a fixed singularity.

This solution extends Section 2.4, because the time t; when the scales of the inner and outer regions coincide can be
seen explicitly, and the structure of the solution is explicit for t >> t,, when these scales differ greatly, and the asymptotic
solution is justified. This confirms the earlier conclusion on the function x.(t) on the asymptote (1.10).

2.6. Film Spreading in the Axisymmetric Case. We now examine the axisymmetric case for a piston that expands
as 4/t (3.1). Equation (1.1) in the notation of (1.4), where x is the radius, gives a boundary problem for the equation

=&y =&y /Y 6.1)
with conditions (1.6). Equation (6.1) has the integral
Ey/2=9g~1lng+ C, g = ~£v /2, £y = const. 6.2)

The general solution to Eq: (6.1) is obtained by using the second relation that follows from (6.1) and (6.2)

dgq
29(q — lng + C) (6.3)

]nE=—f

If q is viewed as a parameter, then (6.2) gives £(q), and (6.3) gives y(q). From the conditions on the wetting line we
find the constant in (6.2) and (6.3)

€ = Ing,, ¢. = £&./2. (6.4)

By satisfying the condition q = o as § = £, at the pistion, we obtain the basic equation

a &, }- dqg
S 7 1 20g - 1a(e/q.))

6.5)

from (6.3) and (6.4), which determines the ratio of the coordinates of the wetting line and the piston £+/£q as a function of the
coefficient in the equation of motion of the wetting line x2 = 4q.t.
The limiting equation of motion of the wetting line

B2 =12/e, X2 = (4/e). (6.6)

comes from the condition for eliminating a singularity in the integral (6.5)

As q« = 1/e, according to (6.5), +/§g — o, i.e. the piston is infinitely far away from the wetting line, and the piston
expansion velocity is negligibly small compared to the wetting line velocity. It is important that the limiting spreading equation
for the axisymmetric film (6.6) be close to the limiting equation in the plane case (1.10). The difference in the limiting velocity
coefficients is a factor of \/Z.

It is interesting to determine the convergence rate of the coefficient g« to its limit as £+/£, increases. To do this we
write the asymptote of (6.5) as q« — /e, by initially transforming the integral to a form more convenient for calculations:

E: p ds n/‘va_
_— = = = — . ey N4 = -1 . .
ng J Aopls — sy =5 yios, I s = ming €7

0

It is convenient to solve (6.7) for q.:
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gi JZZ/Z
z In*(4,748, /€ )

). (6.8)

Equation (6.8) shows how very slowly q« approaches the limit 1/e. For example for £+/¢; = 50, the difference is close
to 20%, for £./£y = 10 it is close to 40%. Equation (6.8) is applicable all the way to £./&; = 2.5, where the error does not
exceed 10%. The unusually slow approach to the limiting Eq. (6.6) makes it difficult to observe it experimentally, and the
coefficient in the spreading equation will be even closer to the plane case (1.10) because the difference should generally be of
low importance for limiting £./§5 < 10.

The real sense of the piston model (x; ~ +/f} can be confirmed by solving the problem of a slowly expanding piston,
which corresponds to a spreading drop.

2.7. Axisymmetric Problem of P-Film Dynamics for a Spreading Drop (x; = t%, ¢ << 1). We briefly examine
the structure of the approximate solution for t = o in Euler coordinates. In the axisymmetric case Eq. (1.1) transforms to
the equation for the plane problem with a correspondin'g choice of variables:

aH
Vi = —lnH H = xh, z = Inx a.1)

where x is the radius. The solution is constructed by using the asymptotic splicing method for z. ~ oo. Near the piston (z; =
€'In t), the function H has the approximate form

H= 2t/(z - 20)2 +.,e K 2z~ 2, s 1. (72)
In the intermediate range [1 << (z — z5) << z.], the solution is found by using time-dependent coordinates:
H = 2tt%(z, — z) 5sin"™*((z — z)n/ (2, — 2))- 71.3)

If z; and z. are fixed, (7.2) and (7.3) are the exact solutions to (7.1). The splicing of Eq. (7.3) to (7.2) is easily
verified.
We note that

minH = 2r*/ (2, — z,)" (7.4)

follows from (7.3).

If z —zy >> 1, (7.3) is spliced to the self-similar solution (6.2) and (6.3) for £; — 0. As a result we obtain the
limiting equation of motion of the wetting line (6.6).

Thus, in the limit In t = o (z. - o), the asymptotic solution of Eq. (7.1) consists of approximate solutions in three
regions. Besides (7.2), (7.3), and the self-similar solution forz — zy >> 1, there is also a traditional regxon of quasi-stationary
film flow at a small distance from the piston z — z5 << &.

It is interesting to find the next term in the asymptote which corrects (6.6). The easiest way to do this is to use the
Lagrange approach to the Stefan problem [9, 10].

2.8. Axisymmetric Drop Spreading in Lagrange Coordinates. By introducing the Lagrange coordinate {, we write

dinx 1 oh

X
thE=h T = TRR

in the axisymmetric case, where x is the radius. Equations (1.1) and (1.2) are transformed to the previous one for
= (x2m)~1:

(8.1)

Transforming (8.1) to new variables
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Y=1'O(01),p=¢/t1 = Int

for x5 = t* gives

P 14 dn®

—5=W,U=(2+q)¢+—aq,7]<o; 8.2)
1 a0 1 @
T - l-Wrn=0gyren> -

The piston problem with ¢ = 1/2 has a second solution, which follows from (8.2):

1/® = 2y + Ee™™, E = const. (8.3)

The condition for the absence of singularities for n < 0 is that E > 4/e, which yields (6.6) as E — 4/e.

For € <<1, 7> o, and n < -2, we seek a solution close to the singular solution that corresponds to E = 4/e. If
® is large at the point n = —2, as in (8.3) for E — 4/e, then the solution to (8.2} in the zeroth approximation is easily specified
in the regions n < —2 and 7 > —2 under the following conditions

7> —w0nd/dg>en=0,U=1/2
n+2-> 20, P=20+2)"2+ ...

Thanks to the conditions at » = 0 and 7 = — o, max ¢ should grow slowly as 7 -» co. Obviously the characteristic
scale for a change in & is 7. It is important that the time derivatives are relatively small in view of the estimate d$/dr ~ @/r.

The solution in the inner region | 7 + 2| << 1canbe obtained by using the order-of-magnitude estimate U = O(1),
which follows from integrating both parts of (8.2) over 7:

1/® = (1/G+ (1/2)2 + n)’)(1 + O(n + 2)) (8.4)

where G = max & for G >> 1. The outer solution for n > —2 is found from the stationary equation in the neighborhood
of the solution to the zeroth approximation:

I - w

> ®.5)

w
T -w (0 -w

1l - w
+ Eexp(-—?—ﬂ), U=

The parameters w and ¢ vary slowly with time, so w << 1 in the neighborhood of the limiting solution. The outer
solution for n < -2 is specified analogous to (8.5).

The value of U varies mainly due to the transients near the point n = —2 and takes limiting values U, for
(n + 2)'GY2 5> + oo It follows from Eq. (8.2) that

-2+5

P 1 w
f-a?dn=U*-U-=;-€—; (8.6)
—2p
where G142 << b << 1. By substituting (8.4) into (8.6) and calculating the integral, the main approximation is
&G 1 -2
- — 8.7
dr a2’ @7

From this it is clear that the change the maximum of & actually corresponds to the slow relaxation of G ~ 7 as
T 0o,

The asymptotes for E and w can be found from their relationship to G. If we take (8.5) to the limit y - —2 and
simultaneously hold 7 + 2 >> | w |, then splicing with (8.4) gives

4y — 12w=1/G,y = Ee/4 -1 « 1. (8.8)

We estimate the transient effects in the outer solution by calculating d®/dr from the first approximation (8.5) for

G2 << 5 + 2 << 1. According to this, the condition for the transient term GIn G << G is fulfilled if G >> 1 due
to (8.7).
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From (8.2), (8.5), (8.7), and (8.8), the coordinate of the wetting line is
o4 | 2wt
—_— o — + ——) |
t e( a - 2:)2]nzkt) 8.9)

The constant k corresponds to the integral of (8.7). We note that (8.7) agrees with (7.4).

Comparison of (8.9) with the asymptote of (6.8) of the self-similar piston problem shows that they agree if we
juxtapose £4/£q with the running value of ~t0-3~¢.

Thus, in agreement with (6.8), Eq. (8.9) describes the effect of an anomalously slow change in the coefficient in the
spreading equation. Continuing Sections 2.4 and 2.5 [which validate (1.10)] to small times in the axisymmetric case shows the
approximate validity of (1.10) for longer times, when the length of the p-film is comparable with the inner region of the drop
(x+ — Xp ~ Xg). The reason is that the coefficient in Eq. (1.10) is higher than the analogous coefficient in the axisymmetric
limiting equation by a factor of </2 overall. And, by assuming a monotonic change in the spreading coefficient [it is monotonic
in (8.9) and (6.5)], the spreading coefficient g«, due to its small change, is found to remain closer to the plane case than to
the axisymmetric limiting, value while the length of the p-film is comparable to the radius of the inner drop region.

9. Film Spreading Considering Retarded Interaction. If the thickness h ~ 10~7 m, the contribution of
intermolecular forces changes from h—3 to h—4 (the retardation effect of the van der Waals interaction). In order to include
this, we use a very simple model of the function p(h), in which the exponent changes from 3 to —4 at the point h,, so that
in the dimensional form

p(h) = —A’h, /6xh', h > h,.

Correspondingly, in Lagrange coordinates instead of (5.1) we have

ay gt 1

—=—=hY,Y>VY, Y=,

FYR * A
3y 1 &Y ©.D
—=—— Y < Y.
at y, &’ Y,

The condition on the wetting line { = 0 coincides with (5.2). Conditions ath = oo, as opposed to (5.2), are specified,
not at — oo, but at an unknown moving point:

§=C0,Y—§Z‘=7=F,Y=0- 9.2)

Condition (9.2) means that new Lagrangian particles are created ath = o.
The solution to (5.2), (9.1), and (9.2) is found rather simply while retardation only affects the stationary part of the
solution at large values of h, because in the region Y > Y, the problem hardly differs from the case without retardation. The

quasi-stationary approximation in the region Y ~ Y falls apart when the transient scale by > h,, which is equivalent to the
inequality

D R 9.3)

This condition can be satisfied if the drop is sufficiently circular. For example, from (4.2) of § 1, we can find that for
h. ~ 2\, the values of the equivalent drop radius must be R > 10~2 cm for the retardation of the interaction to affect the film
shape; while 1) t < t., and 2) the moving-singularity model is satisfactory at the edge of the film.

Because it is important in principle to determine the retardation effect on p-film spreading, we turn to the most
interesting case, where transient effects are substantial and therefore the left side of (9.3) is large. The solution is simplified
if we assume Y, << 1 (values Y, ~ 0.01 are possible).

We now use a new variable § = {/+/2t; then Eq. (9.1) takes the form

ay ay
2t 3 —Eag = ae:lnY,Y) Y+,
3y Y 1 &r
aTEET @ s 9.4
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y
§=bo %E' =eV2y L Y= 06=0,7 =L

We seek the asymptote of Y as t - oo in the region of the self-similar (i.e. stationary) solution of Egs. (9.4). We
attempt to consider the boundary condition at § = £, parametrically, by assuming small transient terms 2t-dY/dt in Eqgs. (9.4).
Here the problem is evaluating the smallness of the discarded terms in the last estimate in the parametric solution.

By introducing the unknown ¢ [Y(£,) = Y.] and by making the approximation

aY/ 0k = Fexp(—&Y,/2),

for £ € (&, £,), we obtain from (9.4) that

ef0 (-Ev.yde, Forp( -2y, = T2
=Y, = Fjexp(—5Y,)dE, Fexp( —=Y,} = 5
;o 2 2 £ (9.5)

E=¢&,, 0Y/08 = Fexp(—£1Y,/2).

The first and third Egs. (9.5) can be examined independently of the second by seeking F and £ as a function of §,.
The completion of the problem is simplified if | £, | >> 1. Inthis case an intermediate asymptote of the solution is possible:

-

Y=1/8+ ., » |&] » L 9.6)

By determining the constant in the integral (1.8) according to (9.6), we have from (1.8) and (9.5) that

6 ~ By + 2ny = 2n2 - 1,

Y'(£,)

q
_ Bl .-n _
= g fc de, y = BEZE 9.7)

9
0=-EVY, ,g==¢(VY,.

1
14

As q = oo, the solution to (9.7) is found explicitly after some simple calculations:

2
8 =1.093 — (1.02/¢)e™ %, y = 1.603. (9.8)
It follows from (9.6)-(9.8) that
2 . Y Il-Z:
_ 32 g2 _ 9 +
F=291Y" & = Y, v, ln(o 2368]' ©.9)

As expected, the value of £, grows slowly as t > o according to (5.9).

By determining df , /d%, from (9.8), we find the time derivatives £ , F, and £ ;; as a result of direct calculations for
¢ < &, we obtain

Yy
at

2 /

Y i
£ =02 (9.10)

Evaluation of (9.10) as g = o confirms the consistency of the approximate solution, including the validity of (9.6).

From (1.8) and (9.6) we obtain Y, = JATe at ¢ = 0, which corresponds to Eq. (1.10) without considering retardation.
Consequently, the spreading equation (1.10) remains valid if retardation is important in a region of large thicknesses.

We note the essential role of the Lagrange description of the Stafan problem (9, 10] for obtaining the approximate
solution of the non-self-similar problem considering retardation.

Thus, the equation of motion of the wetting line for a film spreading from a fixed piston (Section 2.1) is asymptotic
for a whole series of fundamental problems (Sections 2.2-2.9) for the spreading of thin films. Consequently the function
v/t = const (1.10) is universal in a very definite sense.
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We note that a spreading equation coefficient which is found experimentally can serve as a source for additional

information on van der Waals forces in the boundary condition for wetting.
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